ABSTRACT. In this article we consider weak solutions of the three-dimensional incompressible fluid flow equations with initial data admitting a one-dimensional symmetry group. We examine both the viscous and inviscid cases. For the case of viscous flows, we prove that Leray-Hopf weak solutions of the threedimensional Navier-Stokes equations preserve initially imposed symmetry and that such symmetric flows are stable under general three-dimensional perturbations, globally in time. We work in three different contexts: two-and-a-halfdimensional, helical and axi-symmetric flows. In the inviscid case, we observe that, as a consequence of recent work by De Lellis and Székelyhidi, there are genuinely three-dimensional weak solutions of the Euler equations with twodimensional initial data. We also present two partial results where restrictions on the set of initial data, and on the set of admissible solutions rule out spontaneous symmetry breaking; one is due to P.-L. Lions and the other is a consequence of our viscous stability result.
INTRODUCTION
In this article, we consider the equations for incompressible fluid motion:
supplemented by appropriate initial and boundary data. Above, u = (u 1 , u 2 , u 3 ) is the fluid velocity and p is the scalar pressure. The external force f and the kinematic viscosity ν ≥ 0 are given. System (1.1) is referred to as the NavierStokes equations in the viscous case (ν > 0), and as the Euler equations of ideal fluid motion in the inviscid case (ν = 0). Let u = u(t, x) = u(t, x 1 , x 2 , x 3 ) be a Leray-Hopf weak solution (see Definition 2.1) of the Navier-Stokes equations (1.1) for some ν > 0 in a domain Ω, with zero forcing. Assume that the domain Ω ⊂ R 3 and the initial velocity u 0 ≡ u(0, ·) are symmetric with respect to a one-parameter group which is invariant under the Navier-Stokes evolution. For example, one may think of flow in the full threedimensional space, which is periodic in all three directions, for which the initial velocity is periodic and invariant under vertical translations, i.e., whose components do not depend on the vertical variable. Our main new result is global-in-time stability in the energy space of solutions which preserve the symmetry, within the class of Leray-Hopf weak solutions of the three-dimensional Navier-Stokes equations. As a consequence, any Leray-Hopf weak solution of the three dimensional Navier-Stokes equations which starts symmetric will stay symmetric for positive time, ruling out spontaneous symmetry breaking within this class of weak solutions. We will also see that, as a special case of a construction due to C. De Lellis and L. Székelyhidi, spontaneous symmetry breaking does occur among weak solutions of the three-dimensional Euler equations.
Our analysis, in the viscous case, is closely related to weak-strong uniqueness results for the Leray-Hopf weak solutions of the incompressible 3D Navier-Stokes system, a subject with an old, large and deep literature. Symmetric flows, regarded as a special class of three-dimensional flows, are more regular than a general threedimensional Leray-Hopf weak solution. The idea behind weak-strong uniqueness is to impose additional regularity assumptions on a given weak solution in order to guarantee it is unique. Our point of departure is whether this additional regularity of symmetric weak solutions is enough to ensure uniqueness.
The first weak-strong uniqueness result for Leray-Hopf solutions of the NavierStokes equations is due to Sather and Serrin, see [18] , and it is usually referred to as Sather-Serrin Uniqueness Criterion, see also the work of G. Prodi [16] . Briefly stated, a weak solution in L q ((0, T ), L p (Ω)) is unique if 3/p + 2/q = 1, 3 < p < ∞. Recently this criteria was extended to the limit case p = 3, q = ∞, see [17, 3, 4] .
General two-dimensional flows, for example, are in L ∞ ((0, T ); L 2 )∩L 2 ((0, T ); H 1 ), which, by interpolation and Sobolev imbedding, are in L q ((0, T ); L p (Ω)) with 2 ≤ p < ∞, 2 ≤ q < 2p/(p − 2) or (p, q) = (2, ∞). We call this region of the extended (p, q)-plane R. The hyperbola 3/p + 2/q = 1 lies strictly above the region R, approaching R only as (p, q) → (∞, 2). Hence, the Sather-Serrin criterion (or its extension to the limit case p = 3, q = ∞) does not ensure uniqueness of two-dimensional flows, when viewed as three-dimensional flows. The terminology two-dimensional flows, in this work, means that the components of the velocity fields do not depend on the vertical variable, x 3 . We observe that, depending on the context, the velocity fields of two-dimensional flows can have either two or three components. We also recall that two-dimensional flows are sometimes called two-and-a-half-dimensional flows (denoted 2 1 2 D flows) when the velocity field has three non-trivial components (see, e.g., Section 2.3.1 of [13] ) .
There is a large literature dedicated to extensions of the Sather-Serrin criterion, see [5] and references therein. However, the results which have been obtained tend to obey the same scaling as the Sather-Serrin condition. The problems treated in the current paper are, in a sense, off-scale, and, therefore, only the extensions which have been obtained near the critical case (∞, 2) are potentially relevant to our work. One particularly noteworthy result was established by H. Kozono and Y. Taniuchi, see [8] and it concerns extending the Sather-Serrin uniqueness criterion to vector fields which are bounded in
). In fact, vector fields which are in L 2 ((0, T ;Ḣ 1 (R 2 )), such as the solutions of the two-dimensional Navier-Stokes equations, are actually bounded in
(we note emphatically that these vector fields are independent of the third variable). However, these vector fields are not square-integrable in R 3 , so we cannot use Kozono and Taniuchi's criterion to address uniqueness (or stability) of twodimensional solutions viewed as three-dimensional flows.
The original argument in [18] was formulated in an arbitrary domain, but, as in Kozono and Taniuchi's result, the extensions have been full-space results making use of harmonic analysis machinery. Of course, to circumvent the fact that two-dimensional flows are not square integrable in full space, one should look for uniqueness among 3D flows in another domain, such as flows which are periodic in the third variable. It seems likely that one could adapt the proof of Kozono and Taniuchi's criterion to flows which are periodic in the third variable, and then obtain an uniqueness and stability result along the lines suggested above. However, in this work, we would like to take a more elementary approach, closer to Sather and Serrin's original argument, which works on a vertically periodic flow in cylindrical domain of general shape, and in other situations as well.
The problem of stability of two-dimensional flows under three-dimensional perturbations is very natural and interesting from the physical point of view, and it has been the subject of previous work. The first results in this direction were obtained by G. Ponce, R. Racke, T.C. Sideris and E.S. Titi, see [15] . Their main result is global existence of a strong solution which starts close, in H 1 to a two-dimensional solution, also a stability estimate. Their result was later improved in [7, 14] , by relaxing regularity conditions on the perturbation, but always working in the class of strong solutions, and therefore, focusing their concern on global existence, rather than stability. Our work may be regarded as an extension of these articles to weak Leray-Hopf solutions.
We are going to prove uniqueness and stability results for Leray-Hopf weak solutions in three different contexts:
(i) two-dimensional flow in an infinite straight cylinder with bounded and smooth cross-section, with no-slip boundary condition and three-dimensional perturbations which are periodic in the vertical direction; (ii) helical flow in a straight circular cylinder, with no-slip boundary condition and general three-dimensional perturbations with the same period as the helical flow; (iii) axi-symmetric flow in the interior of an axi-symmetric torus with smooth cross-section bounded away from the symmetry axis, no-slip boundary condition and a general three dimensional perturbation.
In each case, existence of a symmetric weak solution for the Navier-Stokes equations when the initial data is symmetric is an implicit requirement of our analysis, and can be obtained by an easy adaptation of the classical argument by Leray.
Global well-posedness of weak solutions is also known in all three cases. We emphasize that these well-posedness results all refer to the corresponding symmetryreduced equations. For case (i), it was pointed out in Proposition 2.7 of [13] , that global existence of two-dimensional flows, regarded as three-dimensional flows, reduces to the global well-posedness result of weak solutions of the standard 2D Navier-Stokes equations in a bounded domain, which was established in [9] . For global existence and uniqueness of weak solutions in case (ii) see [12] and, in case (iii), see [10, 20] .
Concerning the inviscid case, we discuss three results. The first result is existence of a genuinely 3D weak solution of the 3D Euler equations in a periodic cube, with two-dimensional initial data. The result is a special case of a construction by De Lellis and Székelyhidi in [1] , as formulated by Wiedemann in [21] . The second result is a consequence of a weak-strong uniqueness theorem for dissipative solutions of the Euler equations, due to P.-L. Lions in [11] . The third result is a corollary of our viscous stability estimates, applied to Euler solutions which are vanishing viscosity limits in a specific way.
The remainder of this work is divided into four sections. Section 2 contains basic definitions and notation, Section 3 concerns the viscous results, Section 4 contains the inviscid results, and Section 5 is final comments and conclusions.
PRELIMINARIES
In this section we fix notation and set down some basic definitions. In this article, we are concerned with incompressible flows in three contexts -triply periodic flow in a box, flow in an infinite vertical cylinder whose horizontal cross sections are bounded and smooth and which are periodic in the vertical direction and flows in a bounded axi-symmetric domain. To discuss the incompressible Navier-Stokes equations in these contexts we first introduce the Hilbert spaces usually denoted by H and V in the literature, adjusting things according to the specific case as follows:
(1) for the periodic box Ω ≡ (0, 1) 3 , the spaces H(Ω) and V (Ω) are the closure of the C ∞ , periodic, divergence-free vector fields in Ω with respect to the L 2 and H 1 norms in Ω, respectively. (2) for the periodic cylinder Ω = D × (0, L), where L > 0 and D is a bounded smooth domain in R 2 , the spaces H(Ω) and V (Ω) are the closure of the C ∞ vector fields which are, periodic in the vertical variable, compactly supported in the horizontal sections and divergence-free in Ω with respect to the L 2 and H 1 norms in Ω, respectively. (3) for a smooth axi-symmetric domain Ω, the spaces H(Ω) and V (Ω) are the closure of the C ∞ vector fields which are, compactly supported and divergence-free in Ω with respect to the L 2 and H 1 norms in Ω, respectively.
We denote by D(Ω) the space of C ∞ test functions, periodic in the case of the cube, compactly supported for the axi-symmetric domain and and periodic in the vertical variable, compactly supported in the horizontal direction for the periodic cylinder. We will also use the notation H w (Ω) for the vector space H(Ω) endowed with the weak topology in L 2 .
Let us recall the definition of a Leray-Hopf weak solution of the Navier-Stokes system: Definition 2.1. Let Ω be either the periodic box, the periodic cylinder or an axisymmetric domain as above and let
. Then u is a weak Leray-Hopf solution of (1.1) with initial data
where A : B ≡ i,j a ij b ij is the trace product of two matrices and ·, · denotes the duality pairing between H 1 0 (Ω) and H −1 (Ω). Additionally, (2) for any t > 0,
Note that by density arguments, and the continuity of the terms used in the identity in item (1) of Definition 2.1, one can extend the Definition 2.1 to allow for the use of test functions φ ∈ C ∞ c ([0, ∞); V (Ω)) in the identity in item (1) of Definition 2.1.
We also require a definition of weak solution for the Euler equations, but only in the case of the periodic box and without forcing, see [1, 21] .
Definition 2.2.
Let Ω = (0, 1) 3 be the periodic box and let u ∈ C 0 ([0, ∞); H w (Ω)). We say that u is a weak solution of the Euler equations ((1.1), ν = 0) with initial
VISCOUS FLOW
In this section we will state and prove stability results for Leray-Hopf weak solutions of the Navier-Stokes equations (1.1), with zero forcing, in the three contexts described in the introduction.
We start with three-dimensional perturbations of two-dimensional flows. Recall that two-dimensional flows refer to solutions of the three-dimensional NavierStokes equations which are independent of x 3 . 
Proof of Theorem 3.1. We begin by following the argument in the proof of Theorem 6 in [18] . Fix T > 0 and let η ε be a standard 1-dimensional mollifier (smooth, non-negative, even, supported in (−ε, ε) and with unit integral). Define
Define in an analogous manner v ε = v ε (t, x). Then, using u ε as test function in the weak formulation of the equation for v, and v ε as test function for the equation for u, we find the following two identities:
where (·, ·) denotes the inner product in L 2 (C). We add these two identities, using the fact that
ds, and we find
We multiply (3.3) by 2 and let ε → 0 to obtain
Next, we use the energy inequality, satisfied by both u and v (see Definition 2.1):
Introduce w ≡ v − u and add (3.4), (3.5) and (3.6) to find
This is precisely inequality (27) in [18] . At this point we depart from the argument presented in [18] and use the fact that u is two-dimensional. We analyze the nonlinear term using the two-dimensional Ladyzhenskaya inequality in D:
by Young's inequality. Therefore, using the fact that
Therefore, by Gronwall's Lemma we deduce that
Finally, we use again the Ladyzhenskaya inequality to estimate:
, which, using (3.5) together with the fact that u is independent of x 3 yields the desired result, once we replace T by an arbitrary t ≥ 0 and notice that the dependence on L cancels out.
Remark 3.1. An immediate corollary of Theorem 3.1 is the uniqueness of LerayHopf weak solutions for two-dimensional initial data.
Next, we will examine a variant of Theorem 3.1, pertaining to helical flows. A vector field U is called helical, with step σ ∈ R \ {0} if, for any θ ∈ R and any x ∈ R 3 ,
We refer the reader to [12] for well-posedness results for the Navier-Stokes equations with helical symmetry. For simplicity, we will focus on the special case of helical flows in a straight circular pipe. 
) be a Leray-Hopf weak solution of the three-dimensional incompressible Navier-Stokes equations with initial data v 0 . Then, the following inequality is valid:
v − u 2 L 2 (C) (t) ≤ v 0 − u 0 2 L 2 (C) exp 27 64ν 4 u 0 4 L 2 (C) , for all t ≥ 0.
Proof of Theorem 3.2.
We can use the same proof as for the 2 1 2 D case once we make the following observations:
u is independent of x 3 and bounded above by the L 2 (C)-norm of ∇u.
Remark 3.2. As before, this easily yields uniqueness of Leray-Hopf weak solutions with helical initial data.
Lastly, we discuss the case of axi-symmetric flows. 
Proof of Theorem 3.3. We must make small modifications of the proof for the 2 We estimate the nonlinear term as follows:
where K > 0 is a constant appearing in the two-dimensional Ladyzhenskaya inequality in D, valid since w vanishes on the boundary of D for each fixed θ, together with the fact that D is bounded away from the axis of symmetry, so that r > a, for some fixed a > 0;
for some K > 0, resulting from using Young's inequality,
where we have used the fact that u(·, θ) 4 L 4 (D,rdrdz) is independent of θ and is equal to (1/2π) u 4 L 4 (C) . We observe that, above, the constant K depends on a. By the Gronwall Lemma we deduce, as before, that
Finally, we use again the two-dimensional Ladyzhenskaya inequality for u, noticing that the derivatives which appear are with respect to r and z and, hence, their L 2 (D, rdrdz)-norms are independent of θ. This, together with the energy inequality (3.5), yields the desired result, replacing T by an arbitrary time t ≥ 0. This concludes the proof.
Global existence and uniqueness of weak solutions for the axi-symmetric NavierStokes equations was established by O. Ladyzhenskaya, see [9] , but only under the assumption that the axi-symmetric fluid domain be bounded away from the symmetry axis, i.e., r > a, for some a > 0. This restriction has the same origin as in Theorem 3.3, namely, loss of essential 2D scaling at the symmetry axis. (Additional results on global regularity of special solutions of the axi-symmetric NavierStokes equations, defined in a domain which includes the symmetry axis, have been obtained in [6] .) We note that Theorem 3.3 leaves open the possibility that there might exist Leray-Hopf weak solutions of the (3D) Navier-Stokes equations with L 2 axi-symmetric initial velocity, for which the symmetry is spontaneously broken.
Remark 3.3. We have considered, throughout this section, viscous flows with zero forcing. It should be noted that, if the forcing term f does not vanish and respects the same symmetry as the initial velocity, then the proofs of Theorems 3.1, 3.2 and 3.3 can be easily adapted to show that
This implies, clearly, continuous dependence with respect to initial data and, in particular, uniqueness.
INVISCID FLOW
In this section we discuss the possibility of spontaneous symmetry breaking for the Euler system. Our first observation is that spontaneous symmetry breaking is possible for weak solutions of the Euler system, in contrast with what we observed for the Navier-Stokes equations. This is a special case of a construction due to De Lellis and Székelyhidi in [1] , see Proposition 2. We will use this construction as formulated in Theorem 2 of [21] . Before we begin we need to introduce some terminology. Since, in this section, we deal only with flows in a periodic box we introduce the notation Q N = [0, 1] N for the periodic box in R N .
. We say that f is essentially independent of x 3 (which is shortened to ei-x 3 ) if, for almost every a, b ∈ (0, 1),
With this, we are now ready to state precisely the symmetry breaking result. Proof. Let v = v(t, x 1 , x 2 ) be the unique solution of the 2D Euler system in Q 2 , given in [2] with initial velocity u 0 . We use Theorem 2 of [21] with v = (v, 0) and we define the trace-free matrix u by
Since v is a solution of the Euler system, it follows that there exists a smooth, periodic (in space) pressure q such that the triplet (v, u, q) satisfies the linear system (1) from Theorem 2 in [21] . In addition, the conditions of Theorem 2 in [21] , that v ∈ C 0 ([0, ∞); H w (Q 3 )) and u(t, x) be a trace-free symmetric 3 × 3 matrix, are also satisfied. Note that
where, for any symmetric matrix M , λ max (M ) is the largest eigenvalue of M . Next, take g = g(t, x) to be a positive, Q 3 -periodic and continuous function on
, and define
Then, using Theorem 2 in [21] , there exist infinitely many weak solutions u ∈ C 0 ([0, ∞); H w (Q 3 )) of the incompressible 3D Euler equations in Q 3 with initial data (u 0 , 0), and such that for every t ∈ (0, ∞) and almost every x ∈ Q 3 ,
We choose, for example
Clearly, |u| 2 /2 is not constant with respect to any of the three spatial variables x 1 , x 2 and x 3 , which trivially implies that u is not ei-x 3 .
This example is not the final word on this issue, since it is natural to restrict the search of weak solutions to a smaller class, perhaps satisfying some physically motivated entropy-like criterion. Indeed, even in the viscous case, we ruled out spontaneous symmetry breaking only for Leray-Hopf weak solutions, and not for weak solutions in general. In [11] , P.-L. Lions introduced a notion of generalized solution to the Euler equations which he called dissipative solution. He proved weak-strong uniqueness, in this class, see Proposition 4.1 of [11] , for flows satisfying certain regularity assumptions. The definition of dissipative solution, as given in [11] , is complicated, but it was later noticed that weak solutions of the incompressible 3D Euler equations, which satisfy the weak energy inequality, are dissipative solutions in the sense of Lions, see [1] , Proposition 1, for a proof of this fact. The weak-strong uniqueness of dissipative solutions, together with the observation regarding weak solutions which satisfy the weak energy inequality, imply that spontaneous symmetry breaking can be ruled out for these dissipative solutions. More precisely, we have the following result: 
is independent of x 3 (and is equal to (u, 0)).
The proof of Theorem 4.2 is based on Proposition 4.1 of [11] and on Proposition 1 of [1] . We will not present a complete proof of Theorem 4.2 because this would exceed the scope of this work. However, we will provide a brief outline of the proof in three steps. Euler equations which satisfies the weak energy inequality will be a dissipative solution and, hence, equals U . Clearly, U is independent of x 3 .
Note that the regularity requirement, which we wrote in terms of existence of a weak solution, is not very restrictive. Indeed, with initial vorticity in L ∞ , we already have existence and uniqueness of a global weak solution in
), see [22] and Theorem 7.1 in [19] . The condition in Lions' result is slightly more restrictive, and is certainly satisfied by strong solutions as in [2] .
As we noted, any solution constructed using the strategy in Theorem 4.1 will not satisfy the weak energy inequality, which places them out of the scope of Theorem 4.2. In [1] , C. De Lellis and L. Székelyhidi constructed examples of nonuniqueness of dissipative solutions of the Euler equations with L 2 initial velocities (this does not contradict the Yudovich criteria since vorticity of such initial data does not belong to L ∞ ) so uniqueness for dissipative solutions in general cannot hold. Up to now we have no example of spontaneous symmetry breaking for dissipative solutions, but it would not be a surprise if the convex integration techniques would allow the construction of such an example as well.
Ultimately, the most precise entropy criterion for weak solutions of the Euler equations is to be attained as a vanishing viscosity limit; we can call such solutions viscosity solutions of the Euler equations. (Observe that in the absence of physical boundaries, as in the present situation, any viscosity solution is a dissipative solution, see Proposition 4.2 of [11] ).
Our work already provides one result on retaining symmetry. If u is a weak solution of the 3D Euler equations which is Q 3 -periodic, with initial data u 0 , and if u 0 is independent of x 3 then, as we have proved in the previous section, any LerayHopf weak solution of the Navier-Stokes equations with initial data precisely equal to u 0 will be independent of x 3 . It is easy to see that essentially any limit of x 3 -independent flows will be x 3 -independent as well. Restricting the notion of viscosity solutions to those which are limits of Leray-Hopf weak solutions is quite reasonable, as those are the physically meaningful weak solutions of the NavierStokes equations. However, insisting that viscosity solutions be limits of vanishing viscosity limits with exactly the same data might be too demanding. In this sense, let us define a viscosity weak solution of the Euler system with initial data u 0 as a solution which is a weak-star limit in L ∞ ((0, ∞); L 2 (Q 3 )), as ν → 0+, of LerayHopf weak solutions of the ν-Navier-Stokes system in Q 3 with initial data u ν 0 , where u ν 0 → (u 0 , 0) strongly in L 2 when ν → 0+. We will state and prove a result on retaining symmetry for viscosity solutions; we begin with a measure theory lemma. Proof. The fact that x 3 -independence implies ∂ x 3 f = 0 is an application of Fubini's Theorem. Indeed, let ϕ ∈ C ∞ per (Q 3 ). Fix b ∈ (0, 1) such that f (x ′ , a) = f (x ′ , b) for almost every a ∈ (0, 1) and almost every x ′ ∈ Q 2 . Let A ⊂ (0, 1) be defined by
notice that |A| = 1. Then we have
Conversely, assume that ∂ x 3 f = 0 in the sense of distributions. We write the Fourier series of f as:
Since f ∈ L 2 (Q 3 ), it follows that the truncations
converges in L 2 , and therefore, admits a subsequence, which we do not relabel, converging pointwise almost everywhere to f . It can be verified that, for each fixed N ∈ N, f N is a function of x 1 and x 2 alone. Indeed, if k = (k 1 , k 2 , k 3 ) ∈ Z 3 and k 3 = 0 then
f (x)e −2πik·x dx = −1 2πik 3 Q 3 f (x)∂ x 3 e −2πik·x dx.
Hence, since trigonometric polynomials belong to C ∞ per (Q 3 ) , it follows that, if k 3 = 0, thenf (k) = 0. Consequently, f N is independent of x 3 .
To conclude we note that, by Fubini's theorem, we have that, for almost all a, b ∈ (0, 1), f N (x ′ , a) → f (x ′ , a) and f N (x ′ , b) → f (x ′ , b) pointwise almost everywhere. It follows that f (x ′ , a) = f (x ′ , b) for almost every a, b ∈ (0, 1), as desired. Then u is ei-x 3 for almost all time.
Proof. First consider v ν = v ν (x, t) to be the Leray-Hopf weak solutions of the Navier-Stokes equations with viscosity ν > 0 in Q 3 with initial data u 0 . By Theorem 3.1, v ν is x 3 -independent for almost all time. Using the fact that v ν ∈ C 0 ([0, ∞); H w (Q 3 )) and Lemma 4.3 we can assume that v ν is x 3 -independent for all time. We write u = (u − u ν ) + (u ν − v ν ) + v ν .
Using Theorem 3.1, we have the following estimate:
From the hypothesis, it follows that u ν − v ν = o(1), as ν → 0+ in L 2 (Q 3 ). Let ϕ = ϕ(t, x) ∈ C ∞ c (Q 3 ) and choose η ∈ C ∞ per ([0, ∞)). We have:
Hence, using the fact that v ν is x 3 -independent we find, by Lemma 4.3,
which vanishes as ν → 0 + . This concludes the proof.
COMMENTS AND CONCLUSIONS
One problem to be investigated is to try to extend the viscous stability result to flows in R 2 ×(0, L), periodic in the third variable. This could be attempted through the method developed in Section 2 or, perhaps, by adapting the work of Kozono and Taniuchi to this context. A more interesting, albeit difficult, class of problems is to consider perturbations which are not periodic, such as arise for compactly supported perturbations of Poiseuille flow in an infinite pipe. Another possible line of investigation is to search for an example of inviscid symmetry breaking among dissipative solutions using convex integration techniques.
